
216 Homework 8 Xavier Boluna

1 Problem 1

x, y, z ∈ [−L

2
,
L

2
], for p = ℏk

H0 =
p2x
2mx

+
p2y
2my

+
p2z
2mz

with < r|p >
eik·r√
Volume

(1)

a. Density of states ρ̃(E, θ, ϕ)dEdΩ = dÑ(E,θ,ϕ)

Volume
for dΩ = sinθdθdϕ.

Q =
∑
f !=i

= |Vfi|2δ(Ef − Ei)

Taking this to the limit of an integral dEdθdϕ :

Q = Volume ·
∫

dEfdΩ · ρ̃(E,Ω) [< p⃗f |Vfi|p⃗i >]2 δ(Ef − Ei)

(2)

b. Usual DOS is dN(E)

Volume
= ρdE. The modified case dÑ(E)

Volume
= ρ̃dEdΩ.

Therefore, ∫
ÑdΩ = N →

∫
dΩ · ρ̃(E,Ω, ϕ) = ρ(E) (3)

c. With the isotropic case (mx = my = mz = m), we take px = py = pz = p =√
2mE:

ρ =

∫
dΩρ̃(E) =

∫
ρ̃(E)sinθdθϕ = 4πρ̃

ρ̃ =
1

4π

d

dE

4πp3

3(2πℏ)3
=

d

dE

(
√
2mE)3

3(2πℏ)3

=
m

3
2

√
E

2
5
2 (πℏ)3

(4)

d. The following assumes mx = my for the density of states (∝ E ∝ m) to

be manipulated as symmetric over Ω. By definition in class,
∑

|Vni|2 =
∫
dΩ|Vni|2
4π

=
{|Vni|2}Ef

. Recall ρ = 4πρ̃.

Q = Volume ·
∫

dEf · ρ̃(Ef ) · 4π ·
∫

dΩ
1

4π
[< p⃗f |Vfi|p⃗i >]2 δ(Ef − Ei)

= Volume ·
∫

dEf · ρ(Ef ) · {|Vni|2}Ef
· δ(Ef − Ei) QED

(5)

e. Consider {|Vni|2}Ef
δ(Ef −Ei) the average over final states of momentum pn

–
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The momentum is composed of p⃗ = (px, py, pz), but for each direction (x,y,z),
Ex = p2x/2m, etc. That means both the initial and final states require:

Ex =
√

2mxpx, Ey =
√

2mypy, Ez =
√

2mzpz (6)

As such, the momentum-space is a 3d ellipsoid and the initial state and final states
will be at different points on the ellipsoid: (ri, ϕi, θi) → (rf , ϕf , θf ). Obviously if the
system is assumed to be isotropic, we eliminate the radial component and the states
lie on a sphere.

f. Make use of < r|p >= 1√
Vol

eik⃗·r⃗ and p⃗ = ℏk⃗.

< pn|V |pi >=

∫
Vol

e−ik⃗nr⃗

√
Vol

(Ue−|r̂|/a)
eik⃗ir⃗√
Vol

d3r⃗ =
U

Vol

∫
Vol

e−ir⃗(k⃗n−k⃗i)e−|r̂|/ad3r⃗

With L >> a, allow

∫
Vol

d3r⃗ →
∫ ∞

0

dr

∫ 2π

0

dϕ

∫ 1

−1

dcosθ.

Pick k⃗n − k⃗i in ẑ: =
U

Vol

∫ 2π

0

dϕ

∫ ∞

0

∫ 1

−1

e−i|kn−ki|rcosθdcosθr2e−r/adr

=
2πU

Vol

∫ ∞

0

r2e−r/a

[
e−i|kf−ki|r − ei|kf−ki|r

−i|kf − ki|r

]
dr

=
2πUi

|kf − ki|Vol

∫ ∞

0

r
[
e−r(1/a+i|kf−ki|) − e−r(1/a−i|kf−ki|)

]
dr

=
2πUi

|kf − ki|Vol

[
−4i|kf − ki|

a(|kf − ki|2 + (1/a)2)2

]
=

8πU

Vol

[
1/a

(|kf − ki|2 + (1/a)2)2

]

(7)

g. Compute {|Vni|2}Ef
We align ki in ẑ and re-express k⃗ = k

 sinθcosϕ
sinθsinϕ
cosθ

.
That means |kf − ki|2 = k2[(1− cos2θ) + sin2θ] = 2k2(1− cosθ).
Sub in for the formula of

< pf |V |pi >=
8πU

Vol

[
1/a

(2k2(1− cosθ) + (1/a)2)2

]
=

8πU

Vol

[
1/a

(2k2 + (1/a)2)2

] [
1

1− 2k2

(1/a)2+2k2
cosθ

]2

Where we use α =
2k2

r−2
0 + 2k2

< 1

< pf |V |pi >=
8πU

Vol
α2 1

r04k4

1

(1− αcosθ)2

(8)
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As such,

{| < pf |V |pi > |2}Ef
=

1

4π

∫ [
8πU

Vol
α2 1

4r0k4

1

(1− αcosθ)2

]2
dΩ

=
1

4π

[
2πUα2

Vol

1

r0k4

]2 ∫ 1

−1

dcosθ

∫ 2π

0

dϕ
1

(1− αcosθ)4

=
1

4π

[
2πUα2

Vol

1

r0k4

]2
2π

1

3α

[
1

(1− α)3
− 1

(1 + α)3

]
=

1

6α

[
2πUα2

Vol

1

r0k4

]2
6α

1 + α2/3

(1 + α2)3

= 4

[
Uπα2

Volr0k4

]2
1 + α2/3

(1 + α2)3

(9)

h. The units of a quantity are referred to as [qty].

• [α] = unitless therefore [α2 1+α2/3
(1+α2)3

] = unitless

• [r0] = [a] = length

• Volume is obviously length3

• k = p
ℏ therefore [k] =

(mass)(length)
s

1
energy·s =

1

length

• As such, [ 1

Volk4r0
] =

length4

length3
·length

= unitless

• Therefore, the units depend on U2 in which [U] = energy.

This agrees with the fact that Vfi should have units of energy such that [|Vfi|2] =
[U2] = energy2.

2 Problem 2

a. In a box Vol = L3, derive
∫
Vol B⃗

2(r⃗, t))dr⃗ =
∑

k⃗α k⃗
2
[
ck⃗αc−k⃗α + ck⃗αck⃗α + c.c.

]
using B⃗ = ∇× A⃗ with A⃗(r⃗, t) = 1√

Vol

∑
k⃗α

[
ck⃗α(t)u⃗k⃗α(r⃗) + c.c.

]
.

Make use of u⃗k⃗α(r⃗) = eik⃗·r⃗ ·ϵ(α)k⃗ = u⃗−k⃗α(r⃗) and note that ck⃗α(t) = ck⃗α(0)e
iω

k⃗
t ̸∝ er⃗.

Treat k and k’ which appear in subscripts as the vectors k⃗, k⃗′.
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B⃗ = ∇× A⃗ =
1√
Vol

∑
kα

[
ckα(∇× u⃗kα) + c∗kα(∇× u⃗∗

kα)
]

(10)

We must sidebar to derive

∇× u⃗(r⃗) = ∇× (eik⃗r⃗ϵk); use (a× b)i = ϵijkajbk

(∇× eik⃗r⃗)i → ϵijk(
d

drj
eik⃗r⃗ϵαk ) = i⃗k × eik⃗r⃗ϵαk = i⃗k × u⃗(r⃗)

(11)

Then, the product rule two for cross-products is

(a× b) · (c× d) = (a · c)(b · d)− (a · d)(b · c)

Vol ·B2 =
∑
kα

∑
k′β

(i⃗k ×
[
ckαu⃗kα − c∗kαu⃗

∗
kα

]
)(ik⃗′ ×

[
ck′β ⃗uk′β − c∗k′β ⃗u∗

k′β

]
)

=
∑
kα

∑
k′β

[(−k⃗ · k⃗′)
[
ckαu⃗kα − c∗kαu⃗

∗
kα

] [
ck′β ⃗uk′β − c∗k′β ⃗u∗

k′β

]
−(i⃗k ·

[
ck′β ⃗uk′β − c∗k′β ⃗u∗

k′β

]
)(ik⃗′ ·

[
ckαu⃗kα − c∗kαu⃗

∗
kα

]
)]

(12)

We are integrating
∫
VolB

2dr⃗, and we can use the identity from problem 3 to simplify
this one too:

∫
Vol e

ikr = Volδk,0.∫
Vol e

i(k+k′)r = Volδk,−k′∫
Vol e

i(k−k′)r = Volδk,k′∫
Vol e

i(k′−k)r = Volδk′,k∫
Vol e

−i(k′+k)r = Volδk,−k′

(13)

This means that terms such as
∫
Vol dr⃗(i⃗k · ck′βu⃗k′β)(ckαu⃗kα · ik⃗′) =

∫
Vol dr⃗(ck′β i⃗k ·

eik⃗
′·r⃗ϵβk′)(ckαe

ik⃗·r⃗ϵαk ·ik⃗′) using
∫
Vol dr⃗e

i(k+k) = Volδk,−k′ such that we get terms k⃗ ·ϵk =
0. As such, all the terms in the (a · d)(b · c) are cancelled out.

∫
Vol

B2dr⃗ =

∫
Vol

dr⃗
1

Vol

∑
kα

∑
k′β

(k⃗ · k⃗′)[−ckαck′βe
i(k⃗+k⃗′)r⃗ϵαk · ϵβk′+

ckαc
∗
k′βe

i(k⃗−k⃗′)r⃗ϵαk · ϵ∗βk′ + c∗kαck′βe
−i(k⃗−k⃗′)r⃗ϵ∗αk · ϵβk′ − c∗kαc

∗
k′βe

−i(k⃗+k⃗′)r⃗ϵ∗αk · ϵ∗βk′ ]

= −
∑
kαβ

k2
[
ckαc−kβϵ

α
k · ϵβ−k − ckαc

∗
kβϵ

α
k · ϵ∗βk − c∗kαckβϵ

∗α
k · ϵβk′ + c∗kαc

∗
−kβϵ

∗α
k · ϵ∗β−k

] (14)
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Using ϵ∗α−k = ϵαk and ϵαk · ϵ∗βk = δαβ, we can simplify further.∫
Vol

B2dr⃗ = −
∑
kα

k2
[
ckαc−kα − ckαc

∗
kα − c∗kαckα + c∗kαc

∗
−kα

]
=

∑
kα

k2 [ckαc−kα + ckαckα + c.c.] QED
(15)

b. We want to verify coupling modes k, -k are eliminated when we combine∫
VolE

2 +B2dr⃗. We are given∫
Vol

E2dr⃗ =
∑
m

|km||k−m| [−cmc−m − cmc−m + cmcm + cmcm]

and

∫
Vol

E2dr⃗ =
∑
m

|km||k−m| [cmc−m + cmc−m + cmcm + cmcm]

→
∫
Vol

E2 +B2dr⃗ =
∑
m

|km||k−m| [2cmcm + 2cmcm]

(16)

3 Problem 3

We want to prove that

P̂em =
1

4πc

∫
Vol

Ê × B̂dr⃗ =
∑
k⃗α

ℏk⃗N̂k⃗α with N̂k⃗α = a∗
k⃗α
ak⃗α

and Ê(r⃗) =
i√
Vol

∑
k⃗α

√
hωk⃗

[
ak⃗αu⃗k⃗α(r⃗)− a∗

k⃗α
u⃗k⃗α(r⃗)

]

B̂(r⃗) =
i√
Vol

∑
k⃗α

√
hc2

ωk⃗

k⃗ ×
[
ak⃗αu⃗k⃗α(r⃗)− a∗

k⃗α
u⃗k⃗α(r⃗)

]
(17)

Ê × B̂ =
hc

Vol

∑
kα

∑
k′β

[akαukα − a∗kαukα]× (k′ ×
[
ak′βuk′β − a∗k′βuk′β

]
) (18)

Recall that ukα = eikrϵαk .

Ê×B̂ =
hc

Vol

∑
k,k′,α,β

[
akαe

ikrϵαk − a∗kαe
−ikrϵ∗αk

]
×
[
ak′βe

ik′r(k⃗′ × ϵβk′)− a∗k′βe
−ik′r(k⃗ × ϵ∗βk′ )

]
(19)
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Integrating,

P̂ =
1

4πc

∫
Vol

hc

Vol

∑
k,k′,α,β

[
akαe

ikrϵαk − a∗kαe
−ikrϵ∗αk

]
×
[
ak′βe

ik′r(k⃗′ × ϵβk′)− a∗k′βe
−ik′r(k⃗′ × ϵ∗βk′ )

]
=

h

4πVol

∫
Vol

∑
k,k′,α,β

akαak′βe
ir(k+k′)(ϵαk × k⃗′ × ϵβk′)− akαa

∗
k′βe

i(k−k′)r(ϵαk × k⃗′ × ϵ∗βk′ )

−a∗kαa
∗
k′βe

i(k′−k)r(ϵ∗αk × k⃗′ × ϵβk′) + a∗kαa
∗
k′αe

−(k′+k)r(ϵ∗αk × k⃗′ × ϵ∗βk′ )
(20)

Make use of
∫
Vol e

ikr = Volδk,0 and ϵ
(α)
k × (k⃗ × ϵ

(α′)
k ) = k⃗δaa′ .

Therefore,

∫
Vol e

i(k+k′)r = Volδk,−k′∫
Vol e

i(k−k′)r = Volδk,k′∫
Vol e

i(k′−k)r = Volδk′,k∫
Vol e

−i(k′+k)r = Volδk,−k′

(21)

P̂ =
h

4π

∑
k,α,β

[akαa−kβ(ϵ
α
k × k⃗ × ϵβk)− akαa

∗
kβ(ϵ

α
k × −⃗k × ϵ∗β−k)

−a∗kαakβ(ϵ
∗α
k × −⃗k × ϵβ−k) + a∗−kαa

∗
kβ(ϵ

∗α
k × k⃗ × ϵ∗βk )]

(22)

Recalling that ϵ∗α−k = ϵαk , we can submit for each ϵα±k × k⃗ × ϵβ±k = k⃗δα,β.

P̂ =
h

4π

∑
kα

k⃗[akαa−kα + akαa
∗
kα + a∗kαakα + a∗−kαa

∗
kα] (23)

We sum over positive and negative values of k – meaning that the sum over both
akαa−kα and a−kαakα is even. Therefore, the multiplication of k⃗ (an odd function)

means that the term
∑

k k⃗akαa−kα = 0. This is shown for the number operator with
[ai, aj] = [ak, a−k] = 0. The same can be said for the c.c.

P̂ =
h

4π

∑
kα

k⃗[0 + akαa
∗
kα + a∗kαakα + 0] (24)

And using [a, a∗] = 1 = aa∗ − a∗a

P̂ =
h

4π

∑
kα

k⃗[1 + a∗kαakα + a∗kαakα] =
1

2
ℏ
∑
kα

k⃗[1 + 2N̂kα] (25)

Similarly to before, the sum over positive/negative k sends ℏk⃗ to zero, so we get

P̂ =
∑

kα ℏk⃗N̂kα QED.
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