216 Homework 8 Xavier Boluna

1 Problem 1

L L
x, Y,z € [—5 5] for p = hk
. P P2 P piker (1)
H = — 4+ + — with <7rlp> ———=
2m,  2m, 2m, Ip v Volume
a. Density of states p(E, 0, ¢)dEdSQ) = C{%ﬂ for dQ2 = sinfdfd¢.

Q= Z |sz 26 Ef - E)
Taking this to the limit of an integral dEdfd¢ : (2)
() = Volume - /dEfdQ P(E, Q) [< p7|Vyslp; > 6(E; — E;)

b. Usual DOS is (8 — pdE. The modified case CINE) pdEdS.
Volume Volume
Therefore,

/NdQ =N — /dQ-,&(E,Q,@ = p(E) (3)

c. With the isotropic case (m, = m, = m, = m), we take p, =p, =p, =p =
2mkE:

_ / dOp(E) = / H(E)sinfdbé — 4xj

_ 1 d A4rpd d (V2mE)3
P~ 4w dE3@2rh)?  dE 3(27h) (4)
_ mVE
23 (wh)3

d. The following assumes m, = m, for the density of states (o« E o« m) to

|2 — fdQ‘VnzF —

be manipulated as symmetric over Q2. By definition in class, > [V o

{IVail*} £, Recall p = 4mp.

@ = Vohume - [ dE; () -4x - [ A0 < IVl > 6(E - )
5)
= Volume - /dEf -p(Ey) - {\Vm-|2}Ef -0(Ef — E;) QED

e. Consider {|V,i|*}g,0(Ef — E;) the average over final states of momentum p,
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The momentum is composed of p' = (p,, py,p.), but for each direction (x,y,z),
E, = p?/2m, etc. That means both the initial and final states require:

E, = \/2mup., B, = \/2myp,, E. = \/2m.p, (6)

As such, the momentum-space is a 3d ellipsoid and the initial state and final states
will be at different points on the ellipsoid: (r;, ¢;,6;) — (rf, ¢y, 0r). Obviously if the
system is assumed to be isotropic, we eliminate the radial component and the states
lie on a sphere. )

f. Make use of < r|p >= ——¢*7 and j = hik.

v/ Vol

—zknr A ik:-? U P R
< Pn sz >— / Ue—\’r|/a d3,r—,»‘ —i7(kn— k:) |r\/ad3,’:*
Vo= f e U = o v
With L >> a, allow/ —>/ dr/ d(b/ dcosf.
Vol
: - M U o —i|kn—k;|rCOSO 2 —r/
Pick k,, — k; in 2: = — do e YFnTrlr decostr-e” " *dr
27TU [e’s) ) 6*i|kf*ki|7‘ _ €i|kf*ki|7"
= / r2er/e - dr
Vol J, —ilky — kq|r
2nU1 oo : .
. sr=r —r(1/a+ilky—k;|) _ —r(1/a—ilks—Fk;]) d
|k;f—k;iw01/0 rle ‘ Jdr
27U —dilky — k| _ 87U 1/a
ky = kil Vol [a(Jky — kil + (1/a)?)2] — Vol [(lky —kif? + (1/a)?)?
B sinfcos¢g
g. Compute {|Vm]2}Ef We align k; in % and re-express k = k | sinfsing
cosf
That means |k; — k;|? = k*[(1 — cos®) + sin*0] = 2k*(1 — cosb).
Sub in for the formula of
87U 1/a
< prlVip;
pilVip: > ~ Vol {(2]{2(1 — cosf) + (1/a)2)2]
2
_ 8nU [ 1/a } 1
Vol [(2k2+ (1/a)?)?] |1 — (1/5%0080 (8)
2k
Where we use a« = ———— <1
T - + 2k?
8tU 1 1
< pslVIps >= ~—a’

Vol rodk* (1 — acosh)?
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As such,

1 U 1 1 ’
Vine> P, = = 2 40
{l <pslVIpi > |°}g, /{VOla 4r0k4(1—a0089) }

1 [2n0«
= — dcosb d
47 { Vol r0k4] / o8 / A Tp—— (1-— acos@)

[ ] 25 (e )

T i
_i{szoﬂLr 1+a%/3
6 | Vol 1okt (1+a2)
B [ Urna? r 1+a?/3
Volrok* | (14 a2)?

h. The units of a quantity are referred to as [qty].

2 (111(222/)33 | = unitless

e [a| = unitless therefore [«
e [ro] = [a] = length
e Volume is obviously length?

(mass)(length)
s energy-s — length

o k = & therefore [k] =

length

length’ length = unitless

e As such, [V01k4ro]

e Therefore, the units depend on U? in which [U] = energy.

This agrees with the fact that V}; should have units of energy such that [|[Vy;|?] =
[U?] = energy®.

2 Problem 2

a. In a box Vol = L3 derive fVol B(7 t))dit = Y, k2 [CraC o+ ChaCra + C.C.]
using B = V x A with A(F,t) = \/— > [ )iz, (F) + c.c.].
Make use of g, (1) = O @_g_ () and note that Cha (t) = ¢z, (0)e™r! ok ™.
Treat k and k” which appear in subserlpts as the vectors k:, K.

3
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B=VxA=

\/V_o Z [cka (V X i) + ¢ (V X ul,) (10)
We must sidebar to derive

i) = V x (€7e); use (a x b); = €100ty
(11)

. d .
(V x e*); — eijk(dr e’kreg) — ik x eFTed = ik x u(r)
j

Then, the product rule two for cross-products is

(axb)-(cxd)=(a-c)b-d)—(a-d)(b-c)

Vol - B? = Z Z(zk‘ X [ckau;'a — czaufa} )(ik! % [ck/,gug?g - cz,ﬁuiﬁ])

ko KB
= Z Z ’ [ckauza — czauza} [ckxgu;;?ﬁ — czlﬁu’,;,ﬁ} (12)
ka K'pB

—(Zk . [ckzﬂuﬁﬁ — C;;/ﬁuz_:ﬂ} )(Zk/ : [Ckaquz - C;;auia] )]

We are integrating f\/ol B2%dr, and we can use the identity from problem 3 to simplify
this one too: [y, €*" = Voldy.

fV RO = o8y,
fv ezik k) VOl(Sk N
i(k'—
1 VOl(Sk/
fvol G_Z(k +h)r VO](S]C k!

(13)

This means that terms such as [y, dF(z'k U ) (Cho Uk - z'k = Jvo1 47 ( Ck/glk

et Tef,)(ckaelkr o zk:’ ) using fV | dre eiF+k) = Vol§), 4 such that we get terms ey =

0. As such, all the terms in the (a - d)(b- ¢) are cancelled out.

1 R e
B2dr = / dr— k- kN[ —cpocpge’ BRI B 4
/Vol Vol Vol ZZ( = Cracios B

ka k'3
x  _i(k—K)F o _*B * —i(k—kN7 _xa B x  x_—i(k+EDF _xa %P
Ckackfﬁe( e - e + Gracwge TG € — CkaCr € BT e (14)
_ 2 2 a B x o _xf * .  f * % *3
- — k |:Ck-ac_k56k, € — Ckackﬁek € — Ck’ackﬁek . Ek/ + CkaC_kﬁek €
kaB
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Using €9 = €} and €}, - ezﬂ = 0ap, we can simplify further.

/ B2di = — Z k? [ChaCoka — ChaCra — CraCha + CoaClral
Vol o (15)
— Z E? [ChaC—ta + ChaCra + c.c.] QED
ka

b. We want to verify coupling modes k, -k are eliminated when we combine
ol E? + B*dr. We are given

FE2dr = Em||k—m| [—CmC—m — CmCm + CmCm + CmCm
/. >l | |

and / B207 = 3" bl | [emCm + Tt + T + Ticm] (1)
Vol -
= ) lE2 + B2AF = k| k| [20m T + 2Cmcn]
0 m

3 Problem 3

We want to prove that

R 1 oA . S i
Pon = gz Juo B Bl = > hkNg, with N, = a?_aj;

(67

ka

and B(7) = ﬁ > Vg |05 T2 (7) — T, ()| a7)

A Z hCQ - o « ST o
B(r) = Toal ; \/ W_;gk X [aEauEa(F) — a’;au,;a(r)}

E X B = ﬁ Z [akaUka — azaﬂka] X (k?/ X [akzﬁukzﬁ — az/ﬁﬂk//g}) (18)
ka k'8
Recall that uy, = €.
; » he ik * _—ikr x k' (7 * —ik'r (7. *
ExB = Vel [arae™ e — ago e €] x [ak/ﬁe’k (kX €) — g g€ wr(k x ek,ﬁ)]
kK a0

(19)
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Integrating,
> 1 hce ikr o * _—ikr xa ik'r (7 * —ik'r
F= dme [yl Vol kol B [arae™ €} — aj e e ] x [ak'ﬁe T X e) = ajuge ™ (K
h ir(k+k') (o o 17 B x i(k—kr( o B
~ 47vol V01k§ﬁakaak’ﬁe I (e > I > €)= akaak'ﬁe( (€ X K x €
— 005" " T (G0 X K X ) + apaapae PTG X H x 6))
(20)
Make use of fVol e = Voldy o and 6,(C x (k x egx )) = kg -
fv 6 i(k+k! )T v01(5k’_k./
e =R = Vol by, i
Vol € kK
Therefore, =R — Vol S 1 (21)
fvol 671 Ktk VOl(sk,_k,/
) . .
P = o Z[akaa_kg(eg x k x ef) Aralyg (€ X —k x € ﬂ)
k,a,B (22)
—afaars(ef® x —k x € ,) +a’ paapg(e® x k x €)]
Recalling that €9 = €}, we can submit for each €%, X k x eik = k(sa’ﬂ.
® h 7 * * * *
P= o Z klakat ko + Qpatry, + aF,Qpa + 07 1001 (23)

ka
We sum over positive and negative values of k — meaning that the sum over both
kol _go and a_jaak, 1S even. Therefore, the multiplication of k& (an odd function)
means that the term ), kaxoa_o = 0. This is shown for the number operator with

la;,a;] = [ak, a—_;] = 0. The same can be said for the c.c.
® h . * *
P = - ; k[0 + agaar, + ajpara + 0] (24)

And using [a,a*] =1 = aa* — a*a
P =TSR e + afuane] = 5B SR+ 28] (25)
- Ax — kaWka kaWka] — 9 ka

Similarly to before, the sum over positive/negative k sends hk to zero, so we get
P =3, kN QED.

X €7

)

)



